1. BASIC DEFINITIONS

The approach we will take is sometimes called "Naive Set Theory”
because we do not attempt to give a rigorous definition of a set (this is
considered impossible). So we’ll think of a set as a collection of objects,
and consider a set S to be well-defined if, given an arbitrary object x,
we can determine whether or not it is in the set.

Definition (subset). Let A and S be sets. We say that A is a subset
of S and write A C S if every element of A also belongs to S, that is,

reA=zxes
Equivalently, we can say
reS V ze€eA

or

Pr e A such that x¢ S

Definition (equality of sets). Two sets A and B are defined to be equal
of
ACB and BCA

This means every element of A belongs to B and vice-versa.

The definition is a way of stating that A and B have the same ele-
ments, without getting tangled up in a definition of elementwise equal-
ity, which could be quite tricky considering that the elements of a set
can be anything.

Definition (proper subset). Let A and S be sets. We say that A is a
proper subset of S and write A C S if

ACS and A#S

Definition (null set). The null set or empty set denoted by
0 or {}

1s the set which contains no elements.

Note that () C S for any set S because
Pr €0 suchthat z ¢S



Definition (cardinality; equivalence). The cardinality of a set S,
denoted by n(S), is the number of elements in S. Two sets A and B
that have the same cardinality (that is, n(A) = n(B)), are said to be
equivalent and we denote this by A ~ B.

Definition (power set). The power set of a set S, denoted by P(S),
is the set of all possible subsets of S (including S itself and ().

A finite set S has 29) subsets.

Example. Let S = {1,3,5}. Then the power set P(S) consists of the
following 2™5) = 23 subsets:

P(S) = {{1}, {3}, {5}, {1, 3}, {1,5},{3,5},{1,3,5},0}

2. SET OPERATIONS

We define the following constructs:

Definition (set union). The union of two sets A and B, denoted by
AU B, is the set consisting of all elements that belong to A, or belong
to B, or belong to both A and B:

AUB=A{z|lr€ A or ze€B}

Definition (set intersection). The intersection of two sets A and B,
denoted by AN B, is the set consisting of all elements that belong to
both A and B:

AUB={zlxr € A and z € B}

Definition (set compliment). The compliment of a set A, denoted
by A, is the set consisting of all elements that do mot belong to A.
Implicit in this definition is the notion of a universal set U, which may
be given or may be clear from the context. Somewhat more precisely,
we can say that the compliment of A relative to U, denoted by U \ A,
consists of all elements of U that do not belong to A:

A=U\NA={zlr €U and x¢ A}



The following useful identities, which relate these constructs, are
know as the DeMorgan Laws:

(AUB)*=A°NB° and (ANB)° = A°UB°

Definition (Cartesian product). The Cartesian product of a two
sets A and B, denoted by A x B, is the set of all possible ordered pairs
having the first entry belonging to A and the second belonging to B:

Ax B={(a,b)|ac A and be B}

3. RIGOROUS DEFINITION OF A FUNCTION

Although we are all familiar with the notion of a function, the def-
initions one usually encouters early on are not sufficiently general for
more abstract settings. Here we present an equivalent definition that
possesses the necessary generality:

Definition (function). If A and B are sets, a function mapping A to
B, denoted by f : A — B, is a subset of the Cartesian product A x B
with the property that every element of A appears as the first element
of exactly one ordered pair in the subset.

In keeping with the spirit of casting Mathematics in the language of
set theory, we note in passing that with this definition a function is in
fact a set. Denoting the subset of A x B that defines our function by
f, we can write:

fla)=b < (a,b) e f

A bit of thought should convince you that this definition covers ev-
erything the earlier definitions we encouter covers.

Definition (image of a set under a function; range). If f : A — B is
a function and E C A, the image of E under f, denoted by f[E], is
defined to be the set of all b € B such that (a,b) € f for some a € E:

fIE]={b] (a,b) € f for some a€ E}

In the special case where E = A, f[A] is called the range of f. A
function f : A — B with the property that f[A] = B is said to be
onto or surjective.

Now we define the inverse image of a set under a function, which
plays an important role in many areas:



Definition (inverse image of a set under a function; range). If f :
A — B is a function and G C B, the inverse image of G under
f, denoted by [~ G], is defined to be the set of all a € A such that
(a,b) € f for someb e G:

fHGl={a| (a,b) € f for some be G}

A function with the property that f~![b] consists of a single element
of A for every b in the range f[A] is said to be one-to-one or injective.

A function that is both injective and surjective is called a bijection
or a one-to-one correspondence.

It is important to note that these are the only functions that have a
function inverse defined by

r V ze€A
y V yeB

f:A— B, f':B— A such that { }C(}({g;;

Be careful to distinguish between the function inverse f~!(y) and the
inverse image f'[G] for G C B.

The function inverse only exists for a special class of functions, but
the inverse image of any G C B always exists for any function f: A —
B.

As it turns out, inverse images have the nicest set of properties one

could ask for with regard to unions, intersections, and compliments: If
f:+A— Bis a function and E,G C B, the following identities hold:

fTEVG] = fAE]U 1G]
fHENG] = fHEIN G

fE)=fBNE]l = (fE) = A\ fE]

In the preceding, for £° the universal set is understood to be B, and
for f~1[E] the universal set is A:

E°=B\E

(fTHED = A\ fT[E]



The forward image f[G] for G C A does not quite have the same set
of properties. While it is true that

fIEUG] = fIE]U fIG] forany E,GCA
the most we can say for the intersection is
fIENG] C fIE]N fI[G] forany E,GCA



