Continuous Random Variables

A continuous random variable is one that assumes all
values in an interval (or intervals) on the real line.
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Continuous Random Variables

A continuous random variable is one that assumes all
values in an interval (or intervals) on the real line.

Measurements of continuous quantities are usually
represented as continuous random variables:

temperature

pH

o
& salinity
o

# elapsed time
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Continuous Random Variables

The distinguishing feature of a continuous random variable

IS that its sample space (2 consists of one or more intervals
on the real line.
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Continuous Random Variables

The distinguishing feature of a continuous random variable

IS that its sample space (2 consists of one or more intervals
on the real line.

When a probability experiment with a continuous sample

space (2 Is performed, the outcome is exactly one element
x € ().
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Continuous Random Variables

The distinguishing feature of a continuous random variable

IS that its sample space (2 consists of one or more intervals
on the real line.

When a probability experiment with a continuous sample

space (2 Is performed, the outcome is exactly one element
x € ().

The random variable X associated with the experiment is
usually defined to be the value of z.
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Continuous Random Variables

Example: The uniform distribution. The functions
#® spreadsheet: RAND( )

® R:runif(1)

perform the following experiment:

Choose a number from the interval [0, 1] with each number
In the interval equally likely to be chosen.
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Continuous Random Variables

Example: The uniform distribution. The functions
#® spreadsheet: RAND( )

® R:runif(1)

perform the following experiment:

Choose a number from the interval [0, 1] with each number
In the interval equally likely to be chosen.

The sample space for this experiment is 2 = [0, 1]
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Continuous Random Variables

Example: The uniform distribution. The functions
#® spreadsheet: RAND( )

® R:runif(1)

perform the following experiment:

Choose a number from the interval [0, 1] with each number
In the interval equally likely to be chosen.

The sample space for this experiment is 2 = [0, 1]

The value of random variable X associated with the
outcome Is just the value chosen.
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Continuous Random Variables

Example: The uniform distribution. The functions
#® spreadsheet: RAND( )

® R:runif(1)

perform the following experiment:

Choose a number from the interval [0, 1] with each number
In the interval equally likely to be chosen.

The sample space for this experiment is 2 = [0, 1]

The value of random variable X associated with the
outcome Is just the value chosen.

The continuous probabillity distribution associated with this
experiment is called the uniform distribution.
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Continuous Random Variables

Example: The normal distribution. The functions
#® spreadsheet: NORMSI NV( RANIX ) )

® R:rnorn(1)

perform the following experiment:

Choose a number from the interval (—oo, c0) according to
the standard normal or bell curve distribution.
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Continuous Random Variables

Example: The normal distribution. The functions
#® spreadsheet: NORMSI NV( RANIX ) )

® R:rnorn(1)

perform the following experiment:

Choose a number from the interval (—oo, c0) according to
the standard normal or bell curve distribution.

The sample space for this experiment is €2 = (—o0, )
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Continuous Random Variables

Example: The normal distribution. The functions
#® spreadsheet: NORMSI NV( RANIX ) )

® R:rnorn(1)

perform the following experiment:

Choose a number from the interval (—oo, c0) according to
the standard normal or bell curve distribution.

The sample space for this experiment is €2 = (—o0, )

The value of random variable X associated with the
outcome Is just the value chosen.
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Continuous Random Variables

Example: The normal distribution. The functions
#® spreadsheet: NORMSI NV( RANIX ) )

® R:rnorn(1)

perform the following experiment:

Choose a number from the interval (—oo, c0) according to
the standard normal or bell curve distribution.

The sample space for this experiment is €2 = (—o0, )

The value of random variable X associated with the
outcome Is just the value chosen.

The continuous probabillity distribution associated with this
experiment is called the normal distribution.
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Continuous Random Variables

Example: The chi-square distribution. The functions
#® spreadsheet: CHI | NV( RAND( ) , 1)

® R:rchisq(1,1)

perform the following experiment:

Choose a number from the interval (0, o) according to the
chi-square distribution with one degree of freedom.
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Continuous Random Variables

Example: The chi-square distribution. The functions
#® spreadsheet: CHI | NV( RAND( ) , 1)

® R:rchisq(1,1)

perform the following experiment:

Choose a number from the interval (0, o) according to the
chi-square distribution with one degree of freedom.

The sample space for this experiment is 2 = (0, co)
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Continuous Random Variables

Example: The chi-square distribution. The functions
#® spreadsheet: CHI | NV( RAND( ) , 1)

® R:rchisq(1,1)

perform the following experiment:

Choose a number from the interval (0, o) according to the
chi-square distribution with one degree of freedom.

The sample space for this experiment is 2 = (0, co)

The value of random variable X associated with the
outcome Is just the value chosen.
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Continuous Random Variables

Example: The chi-square distribution. The functions
#® spreadsheet: CHI | NV( RAND( ) , 1)

® R:rchisq(1,1)

perform the following experiment:

Choose a number from the interval (0, o) according to the
chi-square distribution with one degree of freedom.

The sample space for this experiment is 2 = (0, co)

The value of random variable X associated with the
outcome Is just the value chosen.

The continuous probability distribution associated with this
experiment is called the chi-square distribution (with one
degree of freedom).
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Events

The approach we took with discrete random variables of
considering every possible subset of (2 to be an event does

not work when € is uncountably infinite (which every
Interval is).
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Events

The approach we took with discrete random variables of
considering every possible subset of (2 to be an event does
not work when €2 Is uncountably infinite (which every
interval is).

For a continuous random variable, we have to restrict our
definition of an event to include only certain subsets of €.

Fortunately, for a continuous random variable X, events of
iInterest nearly always fall into one of three types:

# The value of X is less than or equal to some value a
#® The value of X lies between two values a and b

°
—

ne value of X Is greater than or equal to some value b
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Probability Density Functions

If X Is a continuous random variable, the probability density
function (pdf) of X Is a function f(x) with the property that,

for any a < b,

P(aﬁXﬁb):/bf(a:)da:
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Probability Density Functions

If X Is a continuous random variable, the probability density
function (pdf) of X Is a function f(x) with the property that,
for any a < b,

P(angb):/bf(a:)da:

Any function with the following properties is a valid pdf:

f(x) >0 forallz e

/Qf(a:)dle
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Probability Density Functions

A curious fact about continuous random variables is that the
probability of any exact value is zero:

P(X =a) = P(agXSa):/af(:c)d:C =0
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Probability Density Functions

A curious fact about continuous random variables is that the
probability of any exact value is zero:

P(X =a) = P(aSXSa):/af(:c)d:C =0

In a probabllity experiment with a discrete sample space, an
event with probability zero cannot occur.
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Probability Density Functions

A curious fact about continuous random variables is that the
probability of any exact value is zero:

P(X =a) = P(aSXSa):/af(x)da: =0

In a probabllity experiment with a discrete sample space, an
event with probability zero cannot occur.

However, in a probability experiment with a continuous
sample space, an event with probability zero actually
occurs every time we perform the experiment.
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Probability Density Functions

A curious fact about continuous random variables is that the
probability of any exact value is zero:

P(X =a) = P(aSXSa):/af(x)da: =0

In a probabllity experiment with a discrete sample space, an
event with probability zero cannot occur.

However, in a probability experiment with a continuous
sample space, an event with probability zero actually
occurs every time we perform the experiment.

For most people this idea takes some getting used to.
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Cumulative Distribution Functions

If X Is a continuous random variable with probability density
function f, the cumulative distribution function (cdf) F'is
defined as:

F(z) = P(X <z) = /_ ) dt
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Cumulative Distribution Functions

If X Is a continuous random variable with probability density
function f, the cumulative distribution function (cdf) F'is
defined as:

F(z) = P(X <z) = /_ ) dt

The cdf of a random variable always assumes a value in the
interval |0, 1], with

and
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Expected Value and Variance

We calculate the expected value of a continuous random
variable in much the same way as a discrete one. Suppose:

# X Is a continuous random variable with probability
density function f

#® Y Is a discrete random variable with probability mass
function p
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Expected Value and Variance

We calculate the expected value of a continuous random

variable in much the same way as a discrete one. Suppose:

# X Is a continuous random variable with probability
density function f

#® Y Is a discrete random variable with probability mass
function p

The expected values of Y and X are defined by:

Z y p(y E(X)Z/Qa;’f(x)da:

Range(Y
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Expected Value and Variance

We calculate the expected value of a continuous random
variable in much the same way as a discrete one. Suppose:

# X Is a continuous random variable with probability
density function f

#® Y Is a discrete random variable with probability mass
function p

The expected values of Y and X are defined by:

Z y p(y E(X)Z/Q:L’f(x)da:

Range(Y

As with event probabilities, we rarely need to compute
these from the definition. Usually there is a well-known

formula that we can look up when we need it.
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Expected Value and Variance

We calculate the variance of a continuous random variable
IN much the same way as a discrete one. As before,
suppose:

#® X Is a continuous random variable with probability
density function f

# Y Is a discrete random variable with probability mass
function p
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Expected Value and Variance

We calculate the variance of a continuous random variable
IN much the same way as a discrete one. As before,
suppose:

#® X Is a continuous random variable with probability
density function f

# Y Is a discrete random variable with probability mass
function p

The variances of Y and X are defined by:

V= S em)? ey  V(X) = /Q (2 12)? - (z) da

Range(Y')
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Expected Value and Variance

We calculate the variance of a continuous random variable
IN much the same way as a discrete one. As before,
suppose:

#® X Is a continuous random variable with probability
density function f

# Y Is a discrete random variable with probability mass
function p

The variances of Y and X are defined by:

V= S em)? ey  V(X) = /Q (2 12)? - (z) da

Range(Y')
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Expected Value and Variance

We calculate the variance of a continuous random variable
IN much the same way as a discrete one. As before,
suppose:

#® X Is a continuous random variable with probability
density function f

# Y Is a discrete random variable with probability mass
function p
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Expected Value and Variance

We calculate the variance of a continuous random variable
IN much the same way as a discrete one. As before,
suppose:

#® X Is a continuous random variable with probability
density function f

# Y Is a discrete random variable with probability mass
function p

The variances of Y and X are defined by:

V= S em)? ey  V(X) = /Q (2 12)? - (z) da

Range(Y')
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Covariance

If X = [X4, X,]' represents a bivariate continuous random
variable, there will be a joint probability density function

f(xlv x2)

and the C'ov(X1, X2) will be defined by the double integral:

Cov(X1, X2) = //Q(le’l — u1)(x2 — p2) f(x1, x2) dxy dro
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Covariance

If X = [X4, X,]' represents a bivariate continuous random
variable, there will be a joint probability density function

f(xh 5172)

and the C'ov(X1, X2) will be defined by the double integral:

Cov(X1, X2) = //Q(le’l — u1)(x2 — p2) f(x1, x2) dxy dro

Fortunately, we will rarely need to compute a covariance
from the definition.
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Covariance

If X = [X4, X,]' represents a bivariate continuous random
variable, there will be a joint probability density function

f(llfl, x2)

and the C'ov(X1, X2) will be defined by the double integral:

Cov(X1, X2) = //Q(:Ul — u1)(x2 — p2) f(x1, x2) dxy dro

Fortunately, we will rarely need to compute a covariance
from the definition.

Our results for expected values and variances of linear
combinations of variables extend with no changes to
continuous random variables.
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Common Continuous Distributions

The following slides contain a quick tour of some common
continuous distributions.
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Common Continuous Distributions

The following slides contain a quick tour of some common
continuous distributions.

There are many, many continuous distributions, and

preference has been given to the ones that occur In
statistics.
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The Uniform Distribution

The uniform distribution arises from the following probability
experiment: Select a number randomly from the interval

0, 1], with each number having an equal chance of being
chosen.
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The Uniform Distribution

The uniform distribution arises from the following probability
experiment: Select a number randomly from the interval

0, 1], with each number having an equal chance of being
chosen.

The characteristics of the uniform distribution are:

sample space: 2 = [0, 1]

parameters: none

probability density function: f(z) =1, 0<z <1
expected value F(X): 1/2

variance V(X): 1/12

R cumulative distribution function F'(x): puni f ( x)

© © o o 0o o
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The Normal Distribution

The normal or bell curve distribution can arise from adding
Independent random variables.
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The Normal Distribution

The normal or bell curve distribution can arise from adding
Independent random variables.

The characteristics of the uniform distribution are:

sample space: ) = (—o0, >0)
parameters. mean u standard deviation ¢
expected value E(X): u

variance V (X): o2

© o o o @

R cumulative distribution function F'(x): pnor m( X, u, o)
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The Normal Distribution

The normal or bell curve distribution can arise from adding
Independent random variables.

The characteristics of the uniform distribution are:

sample space: ) = (—o0, >0)
parameters. mean u standard deviation ¢
expected value E(X): u

variance V (X): o2

© o o o @

R cumulative distribution function F'(x): pnor m( X, u, o)

The case 1 =0 and o = 1 is called the standard normal
distribution.
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The Chi-square Distribution

The square of a standard normal random variable has a
chi-square distribution with one degree of freedom.
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The Chi-sguare Distribution

The square of a standard normal random variable has a
chi-square distribution with one degree of freedom.

The characteristics of the uniform distribution are:

© o o o @

sample space: €2 = (0, o0)

parameters: degrees of freedom n

expected value E(X): n

variance V(X): 2n

R cumulative distribution function F'(x): pchi sq( x, n)

Continuous Random Variabl
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The Chi-sguare Distribution

The square of a standard normal random variable has a
chi-square distribution with one degree of freedom.

The characteristics of the uniform distribution are:

sample space: €2 = (0, o0)
parameters: degrees of freedom n
expected value E(X): n

variance V(X): 2n

© o o o @

R cumulative distribution function F'(x): pchi sq( x, n)

The sum of the squares of k£ independent standard normal
variates Is a chi-square with k£ degrees of freedom.
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Thet Distribution

The ratio of a standard normal random variable to the
sqguare root of an independent chi-square variate divided by
Its degrees of freedom has a ¢ distribution.
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Thet Distribution

The ratio of a standard normal random variable to the
sqguare root of an independent chi-square variate divided by
Its degrees of freedom has a ¢ distribution.

The characteristics of the uniform distribution are:

sample space: ) = (—o0, >0)

parameters. degrees of freedom n, n = 3.4,5, ...
expected value E(X): 0

variance V(X): n/(n —2) forn > 2

© o o o @

R cumulative distribution function F'(x): pt ( X, n)
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Thet Distribution

The ratio of a standard normal random variable to the
sqguare root of an independent chi-square variate divided by
Its degrees of freedom has a ¢ distribution.

The characteristics of the uniform distribution are:

sample space: ) = (—o0, >0)

parameters. degrees of freedom n, n = 3.4,5, ...
expected value E(X): 0

variance V(X): n/(n —2) forn > 2

© o o o @

R cumulative distribution function F'(x): pt ( X, n)

Quickly converges to a standard normal as n becomes

arge.

Continuous Random Variables — p. 18/1



TheF Distribution

The ratio of two independent chi-square random variables
divided by their respective degrees of freedom has an F
distribution.
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TheF Distribution

The ratio of two independent chi-square random variables
divided by their respective degrees of freedom has an F
distribution.

The characteristics of the uniform distribution are:

# sample space: Q2 = (0, o)

#® parameters: degrees of freedom in the numerator n;
and denominator n,

® expected value F(X): no/(ne — 2) for ng > 2

°

variance V(X): (complicated formula)
# R cumulative distribution function F'(z): pf ( X, n1, n2)
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