Completing the Square

Completing the square is an algebraic technique for
converting a standard quadratic expression

ax® + bx + ¢

Into one of the form

(ax + 5)* +
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Completing the Square

Completing the square is an algebraic technique for
converting a standard quadratic expression

ax® + bx + ¢

Into one of the form

(o + )° +

We start by equating the two expressions:

ar’ +br+c = (ax+ 0+~ = o?z® +2abzx+ 6* + 7

Stewart Section 7.4 -p. 1



Completing the Square

ar? +br+c = oz® +2afx + 3%+~

Two polynomials are equal if and only if their coefficients
are the same for each power of z.

rt Section 7.4 — n.



Completing the Square

ar? +br+c = oz® +2afx + 3%+~

Two polynomials are equal if and only if their coefficients
are the same for each power of z.

That means we can write three equations, one for each
power of x:

® q=0a?
® b=2a0

® c=0(%+~

Stewart Section 7.4 - p. 2



Completing the Square

Starting with the easiest one, we first solve for «:

a=a’ SO 04:\/5

tewart Section 7.4 — p



Completing the Square

Starting with the easiest one, we first solve for «:

a=a’ SO 04:\/5

Next
b

b=2af SO [=—=—+—
20
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Completing the Square

Starting with the easiest one, we first solve for «:

a=a’ SO 04:\/5

Next
b

b=2a8 SO (=—=—+=
20

Finally
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Completing the Square

In summary, if

ar’ +br+c = (ax+ B)* +~

then:
9 04:\/5
b
* 0=
b2
9 ”}/:C—4—a




Completing the Square

In summary, if

ar’ +br+c = (ax+ B>+~

then:
© 04:\/5
b
* 0=z
2
® y=c-L

Note: If a < 0, first write the quadratic as

—(az® + bz +c¢) = —[(az+ ) +7

tewart Section 7.4 —-npn. 4



Question 1

Write the quadratic

22 +8z+5 intheform (az+6)?++
1. (z—4)*+9 4. (r—4)? -9
2. (z+2)*-3 5. (x+2)*-9

3. (x+4)*-9 6. none of the above

Stewart Section 7.4 —-p. 5



Question 1

Write the quadratic

22 +8z+5 intheform (az+6)?++

1. (z—4)*+9 4. (r—4)? -9
2. (z+2)*-3 5. (x+2)*-9
3. (x+4)*-9 6. none of the above
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Completing the Square

We want to find «, &, and v so that:

* +8x+5 = (ax+ B)* +

thensincea =1, b =8, and c =5,

_ _ 8 _
* =57 =3i=1
® y=c-bL =55 —5_16=-11

Stewart Section 7.4 —-p. 6



Completing the Square

We want to find «, &, and v so that:

2 +8x+5 = (ax+ B)* +7

thensincea =1, b =8, and c =5,

9o C\(:\/a:
b 8 _
®* 0=sm=aa~4
_ b g% _ _
® y=c—L=5-F =5-16=-11

One can easily check that

2 +8r+5 = (x+4)*—11

Stewart Section 7.4 —-p. 6



Question 2

Write the quadratic

2>+ 2+1 intheform az+ 8)%++

3. (z—3)?%—2 6. none of the above

Stewart Section 7.4 —-p. 7



Question 2

Write the quadratic

2>+ 2+1 intheform az+ 8)%++

L (@43~ 4. (v-3)+3
2 @+P+d 5 (@riP+)
3. (z—3)?%—2 6. none of the above

Stewart Section 7.4 -p. 7



Completing the Square

We want to find «, &, and v so that:

P +z+1 = (ax+ )" +7

thensincea=1, b=1,and c=1,

® a=+/a=1

_ b __ 1
* P=m =12

o b2 12 3
® y=c—gp=l-g3=3

| =

Stewart Section 7.4 —-p. 8



Completing the Square

We want to find «, &, and v so that:

P +z+1 = (ax+ )" +7

thensincea=1, b=1,and c=1,

_.Q{:\/a:

b 1 _ 1
® 0=m =i~

_ b 1> 3
® y=c—g=l-g3 =1

One can easily check that

2
P+l = <x+—> + =

Stewart Section 7.4 —-p. 8



Completing the Square

The technique of completing the square is useful in many
situations, but we are interested in turning a rational
function of the form

A
ax? + bxr + ¢

where az? + bx + ¢ is irreducible (i.e., b*> — 4ac < 0), into an
expression of the form

A
(0 + )% + 7

Stewart Section 7.4 —-p. 9



Completing the Square

This allows us to use the formula

dz 1, /=
= —t — C
/22+d2 d a (d>+




Completing the Square

This allows us to use the formula
dz 1, /=
— —t — C
/ 212 g™ (d) *

Here we identify

z=(ax+p) and d=./vy

tewart Section 7.4 -p. 1
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