1) Random variable X and Y have joint density function:

Ja-(PPy+2xy?) if 0<2<1,0<y<2
f(@y) _{ 0 elsewhere

a) Find the value of a that makes f a valid joint density function.
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// xy+2xy)dydx27a T
b) Find the joint cumulative distribution function F'(z,y)
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F(x,y):/ / f(u,v)dvdu:xy;%
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¢) Find marginal density function of z, f,(z)
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/Of(ﬂc,y) y=jat+iz

d) Find marginal density function of y, f,(v)
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d) Find the expected value and variance of X, E(X) and V(X)
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// xydydx—/ole-fx(x)dx:;—g

V() = E@*) - [E(@)] = % - (;%) - %

Alternatively, one could use the definition directly and evaluate

// (x——) @,y dyda

The result would be the same.

e) Find the expected value and variance of Y, E(Y) and V(Y)

//yfxy@m—/yﬁﬁw—ﬁ
:/0 / y2-f(:c,y)dydﬂ7=/0 y”fy@)dyzg—i



V(y) = E(y*) — [EW))* = % - (%) - %

Alternatively, one could use the definition directly and evaluate

vor=[ [ (v-2) s

f) Find the covariance of X and Y, Cov(X,Y)

E(wy)z/o /0 zy - f(z,y)dyde =1

Then
Cov(z,y) = E(zy) — E(z)E(y) = 1 S L p—
ov\xr = o — €T —_ - . —
Y 4 4 60 450

Alternatively, one could evaluate

/o1 /02 (x_ %) (y— i—i) flz,y) dydx

with the same result.

g) Find the conditional density fy,(x) of X given Y The conditional
density is:

3x2y+6xy>
flo,y) =5

fon =50 = T

where y is taken to be a constant equal to the given value.

h) Find the conditional density f,.(y) of ¥ given X The conditional
density is:

2 6x 2
f T y 3x y+ Y
fy\x = ]5 (71.)) = 3$21—(|]—8$
x 5

where x is taken to be a constant equal to the given value.
2) A random variable Y has density function

a-e ) if gy € [0,00)
fly) = { 0 elsewhere

a) Find the value of a that makes f a valid joint density function.

//a-e@”y)dydx: so a=2
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b) Find the joint cumulative distribution function F'(z,y)

Ty
F(z,y) = / / 2% e dpdy =1 —e Y — e 2 4 o (22ty)
0 0

¢) Find marginal density function of z, f,(z)

_ /O " f,y)dy = 267

d) Find marginal density function of y, f,(v)

:/Oof(xvy)d‘x:e_y
0

d) Find the expected value and variance of X, F(X) and V(X)

o o0 1

- / / xX - 267(2x+y)dy dr = —

o Jo 2

o o0 1
E(X?) = / / 2?2 dy doy = —
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V(X)=EXY) - [EX)2==—--= i

e) Find the expected value and variance of Y, E(Y) and V(Y)

o0 o
= / / R 26_(2‘”+y)dy dr =1
:/ / y? - 2e” BT gy dp = 2
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VY)=EYH - [EY)=2-1*=1

f) Find the covariance of X and Y, Cov(X,Y)

Cov(z,y) = E(XY)-EX)E(Y)==-—-1-
This is to be expected because X and Y are independent.

g) Find the conditional density fy,(z) of X given Y

flz,y) _ 2e77¥
fx|y( ) fy( ) -V




where y is a contant equal to the given value of the random variable
Y.

h) Find the conditional density fy.(y) of Y given X

flr.y) _ 2
PielW) =) ~ e

where z is a contant equal to the given value of the random variable
X.

3) A random vector Y = {Y},Ys,...,Y,} consists of n independent,
identically distributed random variables Y;, where each Y; has a beta
distribution,

f(yi):[r(ajLﬁ)] _1(1—yi)ﬁ_1, y; € (0,1), i=1,...,n

- yZ
INCIINGE))
and o and [ are positive constants common to all y;.

a) Find the joint density function of the random vector Y. Because the
Y; are independent, the joint density is the product of the marginals,
that is,

Frs - ) ZH%y (1—w)’
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S ym) = (ﬁ) <11y> (g(l —y¢)>

b) Suppose 7 is the mean of the Y,
=

Use Theorem 5.12 to find the mean and variance of g. (hint: a; = ay =
-=a, =1/n)

The expected value of 7 is:
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or
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