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Efficiency

We have identified unbiasedness as a desirable
characteristic of an estimator.

However, there may be a great many unbiased estimators
for a parameter.
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Efficiency

For example, if x1 and zo are a random sample from a
N (i, 0?) distribution, it is easy to verify that

1 1
hi(z1,72) = 571+ 512
and
ho(2y. 1) = 2aq+ 2
T1. = =X —
o(x1, T2 301+ 522

are both unbiased estimators for u (that is,
E(h1) = E(h2) = ).
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Efficiency

For example, if x1 and zo are a random sample from a
N (i, 0?) distribution, it is easy to verify that

1 1
hi(z1,72) = 571+ 512
and
1 2
h _ o 42
o(z1,22) 501 + 322

are both unbiased estimators for u (that is,

E(h1) = E(h2) = ).

In fact, there are an infinite number of functions of x; and -
that are unbiased estimators for .

How do we choose among them? Does it make any
difference which one we use?
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Efficiency

In matrix notation,

T

L1

L2

=

M1
2
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Efficiency

In matrix notation,

T = p— V p—
T2 8 2 0 o?

Now
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Efficiency

In matrix notation,

I1 1
L2 2

T =

=
]
<
]

Now

_ = 1
hl(ajl,afg) = {tx = {5

DO =
| |

Consequently, the variance of hi(x1,z2) = ji1 IS

2 2

o2 o2
Var(jiy) = t'Vt = — + —
(1) YRR
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Efficiency

Second, ha(x1,x2) = [z 1S

h2($1,$2) — t'7 = [

ol
wIno
| —
=
—
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Efficiency

Second, ha(x1,x2) = [z 1S

ho(z1,x :t’f:{l 2} =
2(x1,22) 3 3 -
Consequently, the variance of [ IS
2 2 2
o 4o bo
Var(fin) = t'Vt = —+ — = —
(fi2) 5 T 5
SO
2 50.2
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Efficiency

So the estimator i; for  Is "better" than /is In the sense
that, while both are unbiased, /i; has smaller variance than

fi2.
Of course, this raises the guestion of whether there is an
unbiased estimator with still smaller variance.
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Efficiency

So the estimator i; for i Is "better” than ji5 In the sense
that, while both are unbiased, /i; has smaller variance than

fi2.
Of course, this raises the guestion of whether there is an
unbiased estimator with still smaller variance.

A famous and very powerful theorem known as the
Cramer-Rao Inequality answers this question, at least
within the class of unbiased estimators.

The Cramer-Rao inequality establishes the smallest
possible variance that an unbiased estimator can have.
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Cramer-Rao Inequality

Theorem : (Cramer-Rao Inequality) Let z4,...,x, be a

random sample from a population with continuous density
function fx(x;0).

Suppose that fx(x;#) has continuous first and second order
partial derivatives everywhere except possibly at a finite set
of points, and the support of f does not depend on 6.
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Cramer-Rao Inequality

Let
0 = h(x1....,2p)

be any unbiased estimator for 4.
Then

1N -1
var(4) > {nE (8lnf§<9(x;9)>2 }

_ {_nE [82 méf;(x;e)] }1




Cramer-Rao Inequality

In the application of this theorem, we are interested in
finding the lower bound for the variance of the unbiased

estimator 6.
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Cramer-Rao Inequality

In the application of this theorem, we are interested in
finding the lower bound for the variance of the unbiased

estimator 6.

The theorem gives us two equivalent ways to do this: we
can either evaluate

om fx @0\
{nE ( x ) }

{_nE [82 mggz(a;; 9)] }1

or
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Efficiency

Let z4,...,z, be a random sample from a population with
continuous pdf fx(z;#), and let

0 = h(x1,..., o)

be an unbiased estimator for 6.
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Efficiency

Let z4,...,z, be a random sample from a population with
continuous pdf fx(z;#), and let

0 = h(x1,..., o)

be an unbiased estimator for 6.

Definitjon - An unbiased estimator 6 for ¢ is called efficient

If Var(0) is equal to the Cramer-Rao lower bound
associated with f(X;0).

The efficiency of 4 is defined to be the ratio of the
Cramer-Rao lower bound associated with f(z;6) to the

variance of é.
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Best Estimators

Let z4,...,z, be a random sample from a population with
continuous pdf fx(z;#), and let

) = h(x1,...,Tpn)
be an unbiased estimator for 6.

Let © be the set of all unbiased estimators for 6.
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Best Estimators

Let z4,...,z, be a random sample from a population with
continuous pdf fx(z;#), and let

) = h(x1,...,Tpn)
be an unbiased estimator for 6.

Let © be the set of all unbiased estimators for 6.

Definition : An unbiased estimator 8* € © for 4 is called a
best or minimum variance estimator if

Var(§*) < Var(d) foralldc®
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Best Estimators

Note that an unbiased estimator # with variance equal to
the Cramer-Rao lower bound is automatically a best or
minimum variance estimator.
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Best Estimators

Note that an unbiased estimator # with variance equal to
the Cramer-Rao lower bound is automatically a best or
minimum variance estimator.

However, In some cases no unbiased estimators achieve
the Cramer-Rao lower bound.

In these cases it is possible for an estimator to be best or
minimum variance even though it has a variance greater
than the Cramer-Rao lower bound.
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