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VECTOR SPACES

PRELIMINARIES

Definition 1 (group). A group consists of:

o Aset G
e A binary operation + : G x G — G with the following proper-
ties:
r+(y+z2)=(x+y)+z2Vr,y,z€G (associativity)
d0€ G suchthat a+0=0+a=aVa e G (identity)
Va € G3a ! suchthat a+a'=a"'+a=0 (inverse)

Definition 2 (field). A field consists of:

o Aset F
e A binary operation + : F' x F' — F with the following proper-
ties:
r+y=y+aVr,yeF (additive commutativity)
v+ W+z2)=(x+y)+zVr,y,z€F (additive associativity)
d0 € F' such that a+0=0+a=aVa € F (additive identity)

Va € F3a! suchthat a+a' =a'+a=0 (additive inverse)
e A binary operation : F' x F' — F with the following properties:
xy =yx Vr,y € F (multiplicative commutativity)
x(yz) = (zvy)z Va,y,z € F (multiplicative associativity)
d1 € F such that al =la=aVa € F (multiplicative identity)
Va € F\03a ' such that aa™! =a'a=1 (multiplicative inverse)
(

r(y+z)=xy+zz Vr,y,z€F distributive property)
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2 VECTOR SPACES

DEFINITIONS

Definition 3 (vector space). A vector space or linear space consists
of:
e A field F of elements called scalars
e A commutative group V of elements called vectors with respect
to a binary operation +
e A binary operation : F'xV — V called scalar multiplication
that associates with each scalar « € F and vector v € V a
vector av in such a way that:
lv=v YveV
(af)v =a(fv) Va,Be€F, veV
av+w)=av+aw VYaeF, v,weV
(a+plv=av+pv Ya,f€F, veV

Note that a vector space is a composite object consisting of a field,
a set of 'vectors’, and two operations with the specified properties. We
say that V is a vector space over the field F. With respecte to the
vector addition operation, V' is a commutative (Abelian) group.

EXAMPLES

The n-tuple space F". Let F' be any field and let V' be the set of all
n-tuples of scalars

V=A(z1,29,...,2,) : ;; €EF, i=1,...,n}
Then for z,y € V, define:
(x+y)=(x1+y, 224+ y2, .., Tn+Yn) YVe,yeV
and
ar = (axy, axy,...,ax,) Ya€F xeV

Specific examples are R™ where F' = R and C" where ' = C.

The space polynomial functions over a field F'. Let F' be a field
and V' the set of polynomial functions of F', that is, the set of all
functions of the form

f(z) =ao+ a1z + -+ a,z"
where ag, ..., a, are fixed scalars in F.

Note that if f and g are polynomials on F' and ¢ € F', then f + g
and cf are also polynomials in F'.
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The space of m x n matrices F™*". If F is a field and m,n € N,
let F™*™ be the set of all m x n matrices over F'. Define

(A+B)ZJ:AZ]+BZJ, izl,...,m,jzl,...,n VA,BEV
and
(CA)Z'J‘:C(AZ'J‘), izl,...,m,jzl,...,n VAEV,CEF

The space of functions from a set to a field. Let F' be a field and
S a nonempty set. Let V' be the set of all functions from S into £

V={f:5—F}
If f,g €V, define:
(f+9)(s)=[f(s)+g(s) VfgeV, seSs

and
(cf)(s)=cf(s) VfeV, ses

We can verify that the elements of V' have the properties required of
vectors.

First, since f(z) is always an element of the field F', and addition in
F' is commutative by the properties of a field, we have

[(s)+ g(s) = g(s) + f(s) Vs€S
so the functions f + g and g + f are the same:

(f+9)=f+g VfgeV

Second, addition is F is associative, so

£(s) + [g(s) + h(s)] = [f(s) + g(s)] + h(s) VseS

Define the zero function as the function which assigns the zero element
of F' (which exists by the properties of a field) to every element of s:

0=f:8— Fsuch that f(s)=0 VseS
Finally, for each function f € V', let (—f) be defined as
(=f)(s)=—f(s) VfeV, ses

In these arguments we use the properties of the field F' to establish
that a particular statement is true for each element of the domain
of an arbitrary element f € V, and therefore holds for the functions
themselves. Similar arguments can be used to show that the required
properties of scalar multiplication hold.
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The space of sequences. Let F' be a field and V the set of sequences
{z,} whose elements belong to F:
V ={(z1,29,...) : x; € FVieN}

If we think of a sequence as a function whose domain is N we can
see that this is a special case of the previous example, the space of
functions from a set to a field. In this case define the vector sum as
the termwise sum of the two sequences:

{@+yhn} ={za} +{p} Vo,yeV
and the scalar product is:

ar = ofx,} ={ax,} VYa€e€F, zeV

The space of real-valued functions on [—1,1]. This is another
special case of a space of functions from a set S = [—1,1] to a field
F=R.

V={f:[-1,1] =R} F=R
If f,g € V, define:

(f+9)(s) = [f(s) +9g(s) VfgeV,sec[-11]

and
(af)(s) = af(s) VfeV, aeR
1. NOrMS
Definition 4 (norm). A nonnegative real-valued function || || : V' — R

is called a norm if:
e |[v]|>0and jv| =0 & v=0
o |lv+w| <]+ |lwl] (triangle inequality)
o [lav] = lalllz]] VaeF veV



