1. ASSIGNMENT 1

1.1. Problem 1. Recall the following definitions from the class notes:

Definition (vector space). A vector space or linear space consists
of:
o A field F of elements called scalars
o A commutative group V' of elements called vectors with respect
to a binary operation +
e A binary operation : F xV — V called scalar multiplication
that associates with each scalar o« € F and vector v € V a
vector av in such a way that:
lv=v YveV
(af)v =a(fv) VYa,fE€F, veV
av+w)=av+aw VYaeF, v,weV
(a+plv=av+pv VYa,f€F veV

Definition (norm). A nonnegative real-valued function || || : V — R
1s called a norm if:

e [[v]| >0 and|v]|=0 & v=0
o |lv+w| < v+ [Jw]| (triangle inequality)
o ||av|| =lal||z|]| VaeF,veV

Define convergence of a sequence v, of vectors in a normed linear
space V' with norm || - || as follows:

We say that {v,} converges to v € V and write

lim v, =v or v, —vasn— oo
n—oo

if for every € > 0 there exists an N € N such that

v, —v|| < € for every n > N

Suppose u,, and v, are sequences in a normed linear space V. Show
that if

lim v, =u and lim v, =v

n—od n—oo
and w,, = u,, + v,. Then

limw, = w = u+v

n—oo
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1.2. Problem 2. With reference to the definition of convergence in a
normed linear space in Problem 1, show that a sequence v,, in a normed
linear space V' with norm || - || can have at most one limit.

1.3. Problem 3. Suppose V' is a normed linear space with norm || - ||.
We say that a sequence of vectors v, is bounded if there exists a real
number M such that

|lon]] <M VneN
With reference to the definition of convergence in a normed linear space
in Problem 1, show that if a sequence v,, in a normed linear space is

convergent witn v, — v as n — oo, then it is bounded. You may
assume ||v|| is finite.

1.4. Problem 4. Recall the following definition from the class notes:

Definition (inner product). Let V' be a linear space over the field F,
where F' is either R or C. An inner product on V is a map

VXV =T

with the following properties:

(u+v) - w=uv-w + v-w Yuv,weV

(au) -v=au-v) VaeF, uyveV
u-v=(v-u) Yu,v eV
u-u>0 Yu € V with equality when u = 0

where Z denotes the complex conjugate of z, that is, if 2 = a + bi
then Z = a — b1.

Suppose V' is an inner product space over R. Show that

u-av = a(u-v) YaeR, u,veV



