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The Substitution Rule

The chain rule greatly expanded the class of functions we
could find derivatives of.

Now we introduce the substitution rule for evaluating
Integrals

The substitution rule applies to integrals of the form
[ Flo@)g ()
The result is

/ F'(g(x))g (x)dx = F(g(x)) + C

The substitution rule is essentially the chain rule in reverse

The Substitution Rule —

D. 1
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Substitution Rule

Example: Evaluate the integral

/ cos z sin® xdx

The integrand has the form
F'(g(x))¢'(x)dz with F'(v) =u* and ¢g(z) = sinx
Then
F'(g(z)) =sin*z and ¢ (z) =cosz
Finally

-3
F(u)=— and /Cos:z:*sin2 rdr = F(g(x)) = SH; e
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Substitution Rule

Example: Evaluate the integral

/ 37 dx

The integrand has the form
F'(g(2))g' (z)dz with  F'(u) = e" and g(z) = 3z

Then
F(g(z))=¢* and ¢'(x) =3

Finally

1 1 1
F(u)=¢" and 3 /3€3xd£13 = gF(g(aj)) = §€3x +C
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Question 1

Find the most general indefinite integral:

/2 (1 + 22)%dx

1. W)y o 4, U204
2. W)y ¢ 5. U2 4 ¢
3. U2 | ¢ 6. None of the choices given
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Question 2

Find the most general indefinite integral:

/ cos 2xdx

1. ==+C 4., =5+ +C
2_ (30822513 —|—C 5 —C%Szx _|_Cf
3. :E 4O 6. None of the choices given

3 ¥4 F'(u)=cosu, g(x)=2x
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Definite Integrals

Example: Evaluate the definite integral

4 x/2
/ ‘ dx
0o 2

The integrand has the form

F'(g(x))d (z)dz with F'(u) =¢€"and g(z) =

Then
Fu)=¢e" ¢g(0)=0 and g(4)=2

and the result Is

4 6x/2 2 )
/ dw:/eudu:e“]ozeZ—l
o 2 0

x
2
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Definite Integrals

Alternatively, one can substitute g(x) = x/2 for « and retain
the original limits of integration:

46:1:/2 2 )
/ dmz/e“du:e“]ozeZ—eO:ez—l
0o 2 0

convert back to a function of x by substituting x/2 for v and
using the original limits:

eu](Q) _ ex/z} A2 02 2
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Definite Integrals

Alternatively, one can substitute g(x) = x/2 for « and retain
the original limits of integration:

46:13/2 2 )
/ dmz/e“du:e“]ozeQ—eO:ez—l
0o 2 0

convert back to a function of x by substituting x/2 for v and
using the original limits:

4
eu](Q) _ ex/z}o A2 02 2

Either method should produce the same result
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Question 3

Evaluate the definite integral:

T . 4
/ sin 4x o
0 4

1. fow/z sin udu = — cos u]g/z 4. [ cosudu = —sinul;
2. [, sinudu = — cosul 5. foﬂ/4 sinudu = — cos u]g/4

U

3. [y cosudu = sinulg 6. None of the choices giver
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Question 3

Evaluate the definite integral:

T . 4
/ sin 4x o
0 4

1. fow/z sin udu = — cos u]g/z 4. [ cosudu = —sinul;

2. [, sinudu = — cosul 5. foﬂ/4 sinudu = — cos u]g/4

3. [y cosudu = sinulj 6. None of the choices giver
5. foﬁ/él sin udu = — cos u]g/4 = —% + 1

The Substitution Rule — o. 10
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