Stewart Section 4.5 (continued)
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Indeterminate Forms and I’'Hospital’'s Rule

Theorem(I’Hospital’s Rule):

Suppose f and g are differentiable and ¢’(z) # 0 for values of = near
x = a (with the possible exception of « itself).

Suppose also that the limits as + — a of f and g are both zero or both
+00.
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I'Hospital’s Rule - Things to Keep in Mind

® The expression you want the limit of must contain two functions.
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I'Hospital’s Rule - Things to Keep in Mind

® The expression you want the limit of must contain two functions.
® |t must be the quotient of those two functions.

® At the point of interest, the limit must be 0/0 or 00/ £ oc.
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Indeterminate Form Example: 0/0

Evaluate the limit
’ SIn &
1111
xr—T :132 — 7'('2
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Indeterminate Form Example: 0/0

Evaluate the limit
’ SIn &
1111
xr—T :132 — 7'('2

This is a quotient of functions,
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Indeterminate Form Example: 0/0

Evaluate the limit
’ SIn &
1111
xr—T :132 — 7'('2

This is a quotient of functions,
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Indeterminate Form Example: 0/0

Both f and g are continuous at 7, So we can evaluate the limits by
direct substitution:

lim sinz =sinm =0
Xr—>TT

and

lim (2 — ) =7 — 7% =0
Xr—>TT
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Indeterminate Form Example: 0/0

Both f and ¢ are continuous at 7, SO we can evaluate the limits by
direct substitution:

lim sinx =sinmt =0
Xr—>TT

and

lim (2 — ) =7 — 7% =0
Xr—>TT
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Indeterminate Form Example: 0/0

Now take derivatives of f and g and evaluate their limits:

f(x) = isin:z: = CcoS T

dx

cos x IS continuous at z = T,
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Indeterminate Form Example: 0/0

2x IS continuous at x = T,
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Indeterminate Form Example: 0/0

L'Hospital’s rule says that

f(z)

. _ o (=)
) A (@)
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Indeterminate Form Example: 0/0

L'Hospital’s rule says that

f(z)

. _ o (=)
) A (@)
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Indeterminate Form Example: 0/0

Example: Find
tan 60

y
6—0 In(1 + 0)
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Indeterminate Form Example: 0/0

Example: Find
tan 60

y
6—0 In(1 + 0)
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Indeterminate Form Example

Example: Find

Tr— 00 €T
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Indeterminate Form Example

Example: Find

Tr— 00 €T
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Indeterminate Form Example

L'Hospital’s rule applies, and states that

, In x
lim —
Tr— 00 ar
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Indeterminate Form Example

L'Hospital’s rule applies, and states that

, In x
lim —
Tr— 00 ar
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Indeterminate Form Example

Find
_ sin
lim ——
r—0 X -COSX
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Indeterminate Form Example

Find
_ sin
lim ——
r—0 X -COSX
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Special Cases

There are a few special cases where the limit is not of the form

+00

0 +00

but can be converted to one of these by careful algebraic manipulation.
You then apply 'Hospital’'s Rule to the converted expression.
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Special Cases: 0 - 00

Suppose you want to find the limit of a product of two functions fg as x
approaches some value a, and

lim f(z) =0 and lim g(z) = o0

r—a r—a
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Special Cases: 0 - 00

Suppose you want to find the limit of a product of two functions fg as x
approaches some value a, and

lim f(z) =0 and lim g(z) = o0

r—a r—a

Write the function fg as
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Special Cases: 0 - 00

Suppose you want to find the limit of a product of two functions fg as x
approaches some value a, and

lim f(z) =0 and lim g(z) = o0

r—a r—a

Write the function fg as
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Indeterminate Form Example

Find
lim +zlnz

r—0t
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Indeterminate Form Example

Find
lim +zlnz

r—0t

Answer: 0
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Special Cases: 0 - 00

Suppose we want to find

lim xz%e *
xTr—> OO
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Special Cases: 0 - 00

Suppose we want to find

lim z%e™®
The limits of the two factors are:
lim 22 = oo lim e * =0
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Special Cases: 0 - 00

Suppose we want to find

lim z2e*
T —> 00
The limits of the two factors are;:
lim 22 = o0 lim e * =0
T —> OO T —> OO
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Special Cases: 0 - 00

The derivative of the numerator is

d

2 =9
e g

and

lim 22 = oo
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Special Cases: 0 - 00

The derivative of the numerator is

d

2 =9
e g

and

lim 22 = oo
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Special Cases: 0 - 00

I'Hospital's Rule says that

2 d .2

lim & limg o0 7= lim, .2z 00
1m — = _— - - —
r—oo er hmaz—>oo %ew hmx_wo e’ o0

which doesn’t seem to help, because we still have co/cc.
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Special Cases: 0 - 00

I'Hospital's Rule says that

2 d .2

lim & limg o0 7= lim, .2z 00
1m — = _— - - —
r—oo er hmsc—>oo %ew hmx_wo e’ o0

which doesn’t seem to help, because we still have co/cc.
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Special Cases: 0 - 00

I'Hospital's Rule says that

2 d .2

i & limg 0o =T lim, o022 0
1m — = _— - - —
r—oo er hm:c—>oo %ew hmx_wo e’ o0

which doesn’t seem to help, because we still have co/cc.
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Special Cases: 0 - 00

On this iteration, we are trying to find the limit of

, 205
im —
r—oo er

which as we have seen has the form oo/ 0.
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Special Cases: 0 - 00

On this iteration, we are trying to find the limit of

, 205
im —
r—oo et

which as we have seen has the form oo/ 0.
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Special Cases: 0 - 00

On this iteration, we are trying to find the limit of

, 205
im —
r—oo et

which as we have seen has the form oo/ 0.

A second application of 'Hospital’'s Rule produces
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Special Cases: oo — o0

Another special case that can sometime be handled is a limit of the
form
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Special Cases: oo — o0

Another special case that can sometime be handled is a limit of the
form

x0 — 00

Once again, we must be able to convert the difference to a quotient
whose limit is 0/0 or co/occ.
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Special Cases: oo — o0

Another special case that can sometime be handled is a limit of the
form

x0 — 00

Once again, we must be able to convert the difference to a quotient
whose limit is 0/0 or co/occ.
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Special Cases: 0 - 00

I'Hospital's Rule says that

. 3-3z lim, - 4£3-32 lim, ;- —3
llm p— - d p— - p— —3
z—1— x — 1 lim,_ - =T — 1 lim, ;-1
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Special Cases: 0 - 00

I'Hospital's Rule says that

. 3-3z lim, - 4£3-32 lim, ;- —3
11m p— - d p— - p— —3
z—1— x — 1 lim,_ - =T — 1 lim, ;-1
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Special Cases: Indeterminate Powers

Limits of the form
lim [f(x)]9""

r—a

produce indeterminate forms like:

0" oo’ and
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Special Cases: Indeterminate Powers

Limits of the form
lim [f(x)]9""

r—a

produce indeterminate forms like:

0" oo’ and
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Special Cases: Indeterminate Powers

Example: Find

lim (cosz)!/®
x—0Tt
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Special Cases: Indeterminate Powers

Example: Find

lim (cosz)!/®
x—0Tt

Solution: This has the form 1°°. We take the logs of both sides of
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Special Cases: Indeterminate Powers

Having established that

lim In(cosz)/* = 0,

r—0T

we may write
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