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Continuity at a Point

Definition: A function f is continuous at a number « if

lim /() = f(a)

r—a

or, equivalently,
flx) = f(a) as z—a
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Continuity at a Point

It's instructive to examine the various ways a function can fail to be
continuous at a point.
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Continuity at a Point

Recall that limit of f(x) as x approaches a requires that the two
one-sided limits exist, and that they be equal:

lim f(x) =L < lim f(zr)=Land lim f(x)=L

r—a r—at r—a—
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Continuity at a Point

It's possible for either of conditions 1) and 2) to fail while the other
holds.
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Continuity at a Point

Condition 3,
lim f(z) = f(a)

r—a

only makes sense when conditions 1) and 2) hold, because otherwise
one side or the other of the equation is undefined.
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Continuity at a Point

Condition 3,
lim f(z) = f(a)

r—a

only makes sense when conditions 1) and 2) hold, because otherwise
one side or the other of the equation is undefined.

The simplest way to construct a function that satisfies conditions 1) and
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Continuity at a Point

The function

g(x):{ f@) if a#1

0 of =1

Is defined at x = 1, the left and right hand limits as «+ — 1 exist and are
equal, but it fails the third condition because
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Continuity from the Left and Right

A couple of conditions similar to continuity at a point but weaker can be
defined using left and right hand limits.
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Continuity on an Interval

The idea of continuity at a point extends in a natural way to continuity
on some set, say an interval.
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Continuity on an Interval

The idea of continuity at a point extends in a natural way to continuity
on some set, say an interval.

Definition: A function f is continuous on an interval if it is continuous
at every number in the interval.

There is a minor technical issue regarding what happens at the
endpoints of the interval:
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Continuity of Sums, Differences, etc.

Determining whether a function is continuous at a point from the
definition can involve considerable effort. The following theorem often

makes this task much easier:

Theorem: If f and g are continuous at a and c is a constant, then the
following functions are also continuous at z = a:
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Continuity of Polynomials and Rational Functions

Theorem:
a) Any polynomial is continuous everywhere on the real line, that is, on

R = (—o0, 00)
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Continuity of Classes of Functions

Theorem: The following types of functions are continuous at every
point in their domains:

polynomials
rational functions
root functions
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Limits of Composite Functions

Theorem: If f is continuous at b and

lim g(xz) =b

r—a

then

lim f(g(x)) = f(b)

r—a
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Continuity of Composite Functions

Theorem: If g is continuous at a and f is continuous at g(a), then the
composite function

(fog)(z)= f(g(z))

IS continuous at a.
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Intermediate Value Theorem

Intermediate Value Theorem: Suppose f is continuous on the closed
interval |a, b] and let N be any number between f(a) and f(b).

Then there exists a number c in (a, b) such that

fle)=N
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Intermediate Value Theorem

The intermediate value theorem is intuitively very plausible.

Suppose f represents the temperature between 6:00am and 4:00pm

on a given fall day as a function of time that is continuous on the given
time interval.

Intuitively, if the temperature was 50 degrees at 6:00am and 72
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Intermediate Value Theorem

In other words, if the temperature rose from 50 degrees to 72 degrees
over the time from 6:00am to 4:00pm, it seems plausible that there
must have been a point in time when the temperature was 60 degrees.
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must have been a point in time when the temperature was 60 degrees.

If this is not true, you have to accept the rather absurd idea that the
temperature can jump instantaneously from, say, 59 to 61.
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In other words, if the temperature rose from 50 degrees to 72 degrees
over the time from 6:00am to 4:00pm, it seems plausible that there
must have been a point in time when the temperature was 60 degrees.

If this is not true, you have to accept the rather absurd idea that the
temperature can jump instantaneously from, say, 59 to 61.

Depending on how the temperatu Nd ) ialrig, uiere COuld riave
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Intermediate Value Theorem

Suppose a particle moves along a straight line for 20 seconds, and its
position on the line is given as a function of time by a function f(¢) that
IS continuous on the interval [0, 20]:

y=f(t) 0<t<20
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Intermediate Value Theorem

Note that the intermediate value theorem provides no information when

Suppose that, after 20 seconds, the particle is exactly where it was at
t =0.
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Intermediate Value Theorem

Loosely speaking, the crucial property that the interval |a, b] has is that
there are no “gaps”.

The intermediate value theorem works because if f is continuous on
la, b], there will be no “gaps” in the curve traced by f(z) as x varies

from a to b either.
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